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ON INVARIANCE OF PLURIGENERA FOR FOLIATIONS ON SURFACES 


PAOLO CASCINI AND ENRICA FLORIS 


Abstract. We show that if (X t , is a family of foliations with reduced singularities on 

a smooth family of surfaces, then invariance of plurigenera h°(X t , mK Xt ) holds for sufficiently 
large m. On the other hand, we provide examples on which the result fails, for small values 
of m. 
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1. Introduction 

The aim of this paper is to study invariance of plurigenera for foliations on algebraic 
surfaces. 

Both the study of the plurigenera of a manifold and the theory of foliations play a major role 
in birational geometry. Indeed, on the one hand Sin’s Theorem on invariance of plurigenera 
|Siu98l ISiu02j represents one of the most celebrated results in higher dimensional geometry. 
The result states that if X -A A is a smooth family of projective manifolds over the disk A 
with fibre X t at t e A, then the plurigenera h 0 (X t ,Ox t (mK Xt )) does not depend on t G A 
(see also |Pau07j ). This generalizes the well-known fact that the genus of a smooth curve is 
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constant under smooth deformations. Apart of its own interest, Sin’s proof introduces new 
methods, such as new extension theorems, which had a major impact on some of the recent 
developments in birational geometry. 

On the other hand, thanks to the work of Miyaoka [Mi y87| , the theory of foliations plays 
an important role in the Minimal Model Program in dimension three, as it is needed to solve 
some of the crucial cases of the abundance conjecture for threefolds (see also |K + 92l Chapt. 
9]). It is therefore natural to ask whether the classical results in birational geometry, such as 
invariance of plurigenera, hold in the more general theory of foliations. 

If X is a smooth surface, a (singular) foliation T on X corresponds to a saturated invertible 
subsheaf Tj C T Y . Its canonical divisor Kp is the divisor associated to the dual of Tj. If 
T has reduced singularities then the Kodaira dimension ^(J 7 ) coincides with the Kodaira 
dimension of its canonical divisor n(Kjr) (see section [2] for more details). 

Remarkably, McQuillan |McQ08| was able to reproduce some of the main results of the 
minimal model program for surfaces to the case of foliations. Similarly, Brunella ilhuO 1 
showed that if (X t , X t )t&A is a family of foliations on surfaces with reduced singularities, 
then the Kodaira dimension «(J-j) does not depend on t. The following step is therefore to 
understand to what extent the dimension h°(X t ,mKjr t ) depends on t E A. 

The goal of this paper is to provide an answer to the question above. More specifically, we 
prove: 

Theorem 1.1. Let (X t} J~t)t£A be a family of foliations with reduced singularities. 

(1) If k(J7) = 0 for any t E A, then for any me N the dimension h°(X t , Ox t (mKjr t )) 
does not depend on t e A; 

(2) If n(fF t ) = 1 and T t is induced by an elliptic fibration then for any sufficiently large 
positive integer m the dimension h°(X t , Ox t {mKjr t )) does not depend on t € A; 

(3) If n(J-'t) = 1 and is not induced by an elliptic fibration for any t € A then for any 
positive integer m the dimension h°(X t , O x t (jnKx t )) does not depend on t € A; and 

(4) If n(lFt) = 2 for any t e A, then for any sufficiently large positive integer m the 
dimension h°(X t , Ox t (jnKjrf)) does not depend on t e A. 

Note that by Brunella’s result above, for each family of foliations (X tl XfjtpA with non¬ 
negative Kodaira dimension, either K.{IF t ) = 0 for any t E A, or k (Jy) = 1 for any t E A or 
ft(J-j) = 2 for any t E A. Furthermore we show that, in cases (2) and (4), the invariance of 
h°(X t ,mKjr t ) fails for small values of m. Indeed, we provide examples of families of foliations 
such that h°(X t , Kjrf) is not constant as t E A. 

Regarding foliations of Kodaira dimension 0, in |Per05] Pereira has shown that if J- is a 
foliation on a smooth surface X such that ^(J 7 ) = 0, then the smallest positive integer k such 
that h°(X, kKjr ) = 1 belongs to the set {1, 2, 3,4, 5, 6, 8,10,12}. 

In the proof of the theorem above, we extensively use McQuillan’s results on the mini¬ 
mal model program for foliation on surfaces and the classification of the singularities of the 
canonical model of a foliation with pseudo-effective canonical divisor. 
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As an immediate consequence of Theorem 11.11 and Brunella’s result above, we obtain the 
following: 

Corollary 1.2. Let (X t , E t ) t £A be a family of foliations with reduced singularities. Then, for 
any sufficiently large positive integer m, the dimension h°(X t , 0 Xt {mKjr t )) is constant for all 

t e A. 


2. Preliminary results 

We work over the field of complex numbers C. We refer to |KM98j for some of the notations 
and basic results in birational geometry. 

A foliation T on a n-dimensional smooth projective variety X is given by a coherent 
subsheaf T x of the tangent bundle T x of X which is closed under the Lie bracket and is such 
that the quotient T x /T x is torsion free. We denote by 12 x = Tf the cotangent sheaf of T and 
by K x = ci(12j-) the canonical divisor of T. The singular locus of T , denoted by Sing T ’, is 
defined as the set of points of X on which T x /T x is not locally free. By Frobenius Theorem, 
around any point p G X outside the singular locus of T, the germ of Tj- coincides with the 
relative tangent bundle of a germ of a smooth fibration X D U —> O 3 , where p G U. The 
dimension of T is defined as n — q. 

We now recall some basic facts about foliations over a surface (see [Bru00 | for more details). 
Let X be a smooth surface. A foliation T of dimension 1 on X is given by a short exact 
sequence 

0 —> T x —y T x —y TzNjr —> 0 

where T x and N x are line bundles and Tz is an ideal sheaf supported on a finite set. The line 
bundle T x is the tangent bundle of T. The line bundle N x is the normal bundle of T, while 
its dual N* T is the conormal bundle. The support of O x /Tz coincides with Sing T. 

Equivalently, a foliation on X is the data of {(£/*, vf)} ieI where is a covering of X , 

Vi is a vector field on Ui with only isolated zeroes and there exist g t] G 0*(Ui D Uf) such that 

v i\u t r]U.j = 9ij v j\uinUj fc> r each i,j G /. 

The cocycle g t j defines K x as a line bundle. A curve C C X is said to be J--invariant if the 
inclusion T x \c —>■ T x \c factors through Tc- 

If p is a singular point of T and v is a vector field that defines J- around p, then the 
eigenvalues of the linear part ( Dv)(p ) are defined up to multiplication by a non-zero constant. 
The point p is a reduced singularity if at least one of the eigenvalues of ( Dv)(p ) is non-zero 
and their quotient is not a positive rational number. 

Alternatively, a foliation T on a smooth surface X can be locally defined by a holomorphic 
1-form co with isolated zeroes (see [ BruOOl pag. 19]). 

Let 7r: X —y X be a proper birational morphism between smooth surfaces and let E be the 
exceptional curve. Then the foliation T induces a foliation on X\E which can be extended 
to a foliation on X with isolated singularities. We denote this foliation by tt *J r . 
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Theorem 2.1 (Seidenberg). |BruOQ[ Chapt. 1, Thm. 1] Let X be a foliation on a smooth 
surface X. Then for any p G Sing(A), there exists a sequence of blow-ups tt\ X —* X over p 
such that the foliation ix*X has only reduced singularities in a neighborhood ofn^ 1 (p). 

Given a foliation X on a smooth surface X , we define the Kodaira dimension of X as the 
Kodaira dimension of K n *jr where i r is as in Theorem 12.11 and we denote it by k(X). It is easy 
to check that n(X) does not depend on the resolution n. In particular, we say that X is of 
general type if n{X) = 2. Foliations of general type appeared several times in the literature, 
e.g. if X = P 2 , then the foliations of general type on X were studied by Pereira in [Per02j . 

In this paper, we consider families of foliations defined over a smooth family of surfaces. 

Definition 2.2. |BruOll Def. 1] A family of foliations with reduced singularities (X t , X t )teA 
(or a family of foliations, for short) is the data of 

• a smooth morphism n: X —> A, where A is a smooth complex variety and A is the 
complex disc, whose fibres X t are projective surfaces, for all t G A; 

• a foliation X of dimension 1 on X such that 

(1) X is tangent to the fibres of 7r; 

(2) the singular set Sing X of X is of pure codimension 2 in X and cuts every fibre 
in a finite set; and 

(3) for any t G A, the foliation X t = X\x t is a foliation whose singularities Sing X\x t = 
Sing X D X t are reduced. 


Note that 12.21( 1)) is needed to ensure that X t is a foliation of dimension 1 on X t for all t G A 
and I2.2f 2l is needed to ensure the existence of a canonical divisor of the foliation Kjr on X 
such that 

Kr\x t = A Ft 


for any i G A. Note also that invariance of the Kodaira dimension does not hold without 
hypothesis I2.2f 3h Indeed, if the singularities of X t are not reduced for all t G A, then 
invariance of plurigenera fails, as shown by the example in [BruOll p. 114], Furthermore, 
Example 13.81 shows that the invariance of the Kodaira dimension does not hold without the 
equality Sing X\x t — Sing X D X t : in the example, we describe a family of foliations Xt, 
induced by a foliation X on a smooth family of surfaces X —> A such that Xt has reduced 
singularities for any i G A and such that there exists a curve C C X to D Sing X, for some 
to £ A. 

On the other hand, under the assumptions above, we have: 


Theorem 2.3. |Bru011 Thm. 1] Let (X t ,Xt)te a be a family of foliations on surfaces with 
reduced singularities. Then the Kodaira dimension K,(X t ) does not depend on t G A. 


Let A be a smooth surface. We will assume that a curve C C A is reduced and compact. We 
say that C has normal crossing singularities if locally, with respect to the Euclidean topology, 
around each point p G C , the curve C is a union of smooth curves meeting transversally. In 
particular a nodal curve is an irreducible curve C with normal crossing singularities. 
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For any curve CCI, the arithmetic Euler characteristic of C is given by 


X {C) = -K X -C-C\ 


Note that if C is smooth, then it coincides with the usual Euler characteristic. 

Let T be a foliation on X and let p € C be a point. If none of the components of C is 
^-invariant, we define the index of tangency of T to C at p as follows. Let {/ = 0} be a 
local equation of C around p, let v be a local holomorphic vector field generating T around 
p. Then, 


tang(T, C,p) = dim c 


O 


X,p 


< />(/) > 

where v(f) is the Lie derivative of / along v. We have tang(J r , C,p) — 0 except on the finite 
subset of points of C where T is not transverse to C. Thus, we define 


tang(J r , C) = ^2 tangO? 7 , c >p)- 

peC 


Proposition 2.4. [BruOO. Chapt. 2, Prop. 2] Let T be a foliation on a smooth surface X. 
Let C be a curve on X whose components are not T-invariant. Then 

ci(Njr) ■ C = y(C') + tang(J r , C) and Kjr ■ C = — C ■ C + tang(J r , C). 


We now consider a curve C whose components are all ^-'-invariant. If p E C is a singular 
point of J {/ = 0} is a local equation for C at p and u is a holomorphic 1-form that defines 
T around p, then we may write 


gu = hdf + fr), 

for some holomorphic 1-form r/ and holomorphic functions g, h such that h and / are coprime. 
We define 


Z ( X, C, p) = vanishing order of — 

9 


at p 


c 


and 


CS{X,C,p) = residue of — —rj 


at p. 


c 


If p is a reduced singularity, then Z[T ', C,p) >0 by [ Bru99| . Let 

Z{X,C)= z (F,C,p) and CS(T,C) = CS(X,C,p). 

p£ Sing(J r )nC pG Sing(^)n<7 


Proposition 2.5. Let T be a foliation on a smooth surface X and let C be a curve on X 
whose components are T-invariant. 

Then 


(1) ci(Njr) ■ C = C 2 + Z(fFi C); 

(2) K t ■ C = -x(C) + Z{X, C); and 

(3) C 2 = CS(X,C). 
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In addition, if T admits only reduced singularities, then C has only normal crossing singu¬ 
larities. 

Formula (3) in Proposition 12.51 is usually referred as the Camacho-Sad formula. 

Proof. (1) and (2) are implied by [ BruOO i Chapt. 2, Prop. 3] and [CS82] implies (3) (see also 
[BruOOl Chapt. 3, Tlnn. 2]). 

Finally, if T admits only reduced singularities then [BruOO l pag. 12] implies that C has 
only normal crossing singularities. □ 


2.1. Minimal model program and Zariski decomposition for foliations. In jMcQ08], 
McQuillan has developed a minimal model program for foliations on surfaces. We now recall 
some of the main results. 

Definition 2.6. [BruOO . Chapt. 5] Let T be a foliation on a smooth surface X and which 
admits only reduced singularities. We say that a curve C in X is T- exceptional if 

(1) C is a smooth rational curve of self-intersection —1; 

(2) the contraction of C to a point p gives a new foliation T such that p is either a regular 
point or a reduced singular point for T. 

In particular, the foliation T is said to be relatively minimal if T admits only reduced 
singularities and there are no ^-'-exceptional curves on X. 

If T is a foliation on X with reduced singularities, then there exists a birational morphism 
X —y X' onto a smooth surface X' such that the induced foliation T' on X' is relatively 
minimal. Note that if n: X —> X is the contraction of an ^-'-exceptional curve C onto a point 
p and T is the induced foliation on X then by [ BruOOl pag. 72], it follows that either T is 
regular at p and Kj = n*Ky + C or T is singular at p and Kjr = n*Ky. Thus, we have that 

h°(X,O x (mKjr)) = h°(X r , 0 X i(mKjri)) 

for all positive integers m. 

By the following result, ^-exceptional curves can be extended locally in a family: 

Lemma 2.7. Let (X t ,Tt)te a be a family of foliations and let to G A be such that Tt 0 admits 
an T t{) -exceptional curve E to C X to . Then there exists a neighborhood t 0 G U C A and a 
smooth hypersurface E C 7r -1 (I/) transverse to the fibres of n such that E t — E fl X t is an 
T t -exceptional curve for any t G U. 

In particular, if s E A then there exists a birational morphism v : Xu —y Xf over U which 
defines a factorization 

7r: Xjj Xf U 

and such that the foliation T' induced on Xf is relatively minimal on X' s (i.e. T' s is relatively 
minimal) and the family (X' t ,T' t ) t& u is still a family of foliations with reduced singularities. 
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Proof. The existence of U and E is guaranteed by |Bru01l Lemme 2], Thus, after possibly 
shrinking U, there exists a birational morphism £: X —y y which contracts E and a smooth 
morphism n' \ y —> A such that n = n' o £ (see [ FM941 Chapt. 1, Proof of Thm. 1.16] 
for a similar argument). For any t G U, let Y t = tt Since E\ Xt is Jy-exceptional, the 
induced foliation on Y t admits reduced singularities for all t G U. Thus, the claim follows 
after repeating the argument finitely many times. □ 


We now consider a relatively minimal foliation T on a surface X such that Kj is pseudo¬ 
effective. Then, we denote the Zariski decomposition of K x by 

Kj? = P + N 


where P is the positive part and N is the negative part of Kj. McQuillan shows that there 
exists a contraction X — y X' onto a surface X' with Kawamata log terminal singularities, 
which contracts all the curves contained in the support of N. More precisely, we say that a 
curve C = U[ =1 C',; in X is an Hirzebruch-Jung string if C \,..., C r are smooth rational curves 
such that, for all i,j 6 {1,..., r}, we have Cf < —2, C* ■ Cj — 1 if \i — j\ — 1 and Ci ■ Cj = 0 
if \i — j\ > 1. Note that any Hirzebruch-Jung string on a smooth projective surface can be 
contracted onto a surface with cyclic quotient singularities (see [ BHPdV04 , Chapt. 3, Thm. 
5.1 and Prop. 5.3]). We define: 

Definition 2.8. jBruOQl Chapt. 8] Given a foliation T on a surface X , we say that a curve 
C is an T- chain if 

(1) C = U \ = ]Ci is an Hirzebruch-Jung string; 

(2) each irreducible component Ci of C is ^-invariant; 

(3) the singularities of T along C are all reduced; and 

(4) Z{T ', Ci) = 1 and Z(T ', Cf) = 2 for any i > 2. 


is 


Theorem 2.9. |McQ08[ Thm. 2, Prop. 111.1.2], BruOO . Chapt. 8, Thm. 1 and Addendum 
p. 109] Let T be a relatively minimal foliation on a smooth surface X, such that K x 
pseudo-effective. Let Kj = P + N be the Zariski decomposition. 

Then the support of N is a disjoint union of maximal T-chains and (A r J = 0 .In particular, 
there exists a contraction X —y X' onto a surface X' with Kawamata log terminal singularities, 
which contracts all the curves in the support of N. 


The following result is also due to McQuillan: 

Lemma 2.10. |McQ08 Lemma IV. 3. 1], [ BruOOi Chapt. 8, Thm. 2, and Chapt. 9, Thm. 2] 
Let T be a foliation on a smooth surface X. Assume that T admits only reduced singularities 
and that = 0. Let Kj = P + N be the Zariski decomposition of K x . 

Then P is a torsion divisor. 


By a result of Brunella, the Zariski decomposition of the canonical divisor of a foliation is 
well behaved in families: 
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Proposition 2.11. jBruOll Prop. 1 and 2] Let (X t ,P t ) te a be a family of foliations of non¬ 
negative Kodaira dimension. Then there exists an effective Q -divisor N on X such that N 
does not contain any fibre of n: X —> A and N t = N\x t is the negative part of the Zariski 
decomposition of Kj t for any t E A. 

In addition, if there exists s E A such that (X S ,T S ) is relatively minimal, then there exists 
an open set s E U C A such that the irreducible components Ei,... ,E k of N meet the surfaces 
X t transversally in distinct rational curve Ei\ Xt , ■ ■ ■, E k \ Xl . 

As a consequence, we have: 

Lemma 2.12. Let (X t ,P t )te a be a family of foliations of non-negative Kodaira dimension. 
Let N t be the negative part of the Zariski decomposition of Kjr t . 

Then, the least common multiple of the denominators of N t does not depend on t E A. 

Proof. Let m t be the least common multiple of the denominators of N t . We will prove that 
mt is locally constant. Fix s E A. Let U C A be the neighborhood of s and 

vr: Xu^^X{j-^U 

be the factorization of n whose existence is guaranteed by Lemma 12.71 Let {X' t , IF' t ) teU be the 
induced family of foliations. 

By Proposition 12.Ill modulo shrinking U, there exists an effective Q-divisor N' on Xf such 
that for any t E U, N' t = N\ X ' is the negative part of the Zariski decomposition of Kj t and 
the components of N[ meet the fibres of n' transversally. Thus, the least common multiple 
m[ of the denominators of N[ does not depend on t E U. 

On the other hand, for any t E U the foliation T[ has only reduced singularities and in 
particular there exists an effective integral exceptional divisor E t such that 

Kjr t = V * Kjr: + E t . 

It follows that N t = of N[ + E t and the least common multiple of the denominators of N t 
coincides with m[. Thus, the claim follows. □ 

Let Jbea foliation on a smooth surface X. Assume that T is of general type and let 

Kjr = P + N 

be the Zariski decomposition of Kj. We want to show that if C is a curve such that P-C = 0, 
then C is X-invariant. We assume first that C is such that Kjr ■ C — 0 and assume by 
contradiction that C is not ^-'-invariant. Then, Proposition 12.41 implies 

0 = A> • C = -C 2 + tang(X, C ) > -C 2 

which is a contradiction because a big divisor cannot have intersection zero with a movable 
curve. We now consider the general case. To this end, we consider a variation of McQ08 
Lemma III. 1.1]: 
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Proposition 2.13. Let J 7 be a relatively minimal foliation on a smooth surface X such that 
Kjr is pseudo-effective. Let e : X —y Y be the contraction of all the components of the negative 
part of the Zariski decomposition of Kjr. Let C be a curve on X which is not J 7 -invariant, 
let C be its image in Y and let K = e*Kjr. 

Then 

(K + C)-C> 0. 

We first prove the following: 


Lemma 2.14. Let e: X —» Y be a birational morphism between surfaces with only Kawamata 
log terminal singularities and assume that £ contracts a chain of rational curves F,..., Fp.. 
Let L be a Q-Cartier divisor on X and let C be a curve on X such that 

(1) [L + C) ■ C > 0; 

( 2 ) C ■ Fi is a non-negative integer for any i — 1,..., k; 

(3) Ff < —l, Ff < —2 and F*_i ■ F t — 1 for any i — 2,..., k; and 

(4) — 1 < L ■ F± < 0 and L ■ Fi = 0 for any i — 2,..., k. 

Let L = and C = sJC. Then (L + C) ■ C > 0. 


Proof. We may write 

L + C = e*(L + C) - G 

for some ^-exceptional divisor G. If G > 0 then the claim follows immediately. Therefore we 
may assume that G is not effective and by the Negativity Lemma, there exists i G {1,..., k} 
such that G ■ Fi > 0 and the coefficient of G along Fi is negative. Thus, (L + C) ■ Fi < 0 and 
in particular we must have i — 1 and C ■ F\ — 0. We may write G = —aF\ + G\ for some 
a > 0 and some ^-exceptional divisor G\ whose support does not contain F\. 

There exists a morphism /: X —» X\ which contracts only the curve F\ and such that e 
factors through /. Let L x = f*L and C\ = fJC. Since L ■ Fi < 0, we have L = f*L L + /3Fi 
for some (3 > 0 and since C ■ T\ = 0 we have C = f*C\. In particular, 

(Lx + Ci) ■ Ci = (L + C) ■ C > 0. 

Let F- = /*Fi for i = 2,..., k. Then C\ ■ F[ — C ■ Fi for all i = 2,..., k and L\ ■ F[ — 0 for 
any i — 3,..., k. We may write /*i *2 = 7 Pi + P 2 for some 7 > 0. Then 

0 = Fi • f*F :2 = F\ ■ ( 7 F 1 + F 2 ) = -ei • 7 + 1, 

where ei = — Ff > 1. Thus, 7 = 1/ei. We have, 

F'_ 1 • F[ = Fi_ 1 • Fi = 1 and if = Ff 


for any i = 3, ... ,k. Moreover 

F’ 2 — F 2 ■ ( 7 F 1 + Ff) = 1/ei + F 2 < 1 + F 2 < — 1 . 

Finally, 

L\ ■ F 2 = L ■ f*F 2 = L ■ ( 7 F 1 + Ff) = 1/ei L ■ F, G [-1, 0). 
Thus, the claim follows by induction on k. 


□ 
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Proof of Proposition IKTSi We proceed by induction on the number of connected components 
of the exceptional locus of e. By Theorem 12.91 any connected component of the exceptional 
locus of £ is a maximal J 7 -chain F \,..., F^. Let L = Kj. Then Proposition 12.41 implies that 
[L + C) ■ C > 0. On the other hand, (2) of Proposition 12.51 implies that L ■ = — 1 and 

L ■ Fi — 0 for any i = 2,..., k. Thus, if s' \ X —> Y' is the contraction of Fi, ..., Fk, then 
Lemma [2.141 implies that {e'^L + £*C) • e'JJ > 0. 

Thus, the claim follows by induction, by proceeding as above for each connected component 
of the exceptional locus of e. □ 

Proposition 2.15. Let T be a relatively minimal foliation of general type on a smooth surface 
X. Let Kjr = P + N be the Zariski decomposition of Kjr and let C be a curve such that 
P ■ C = 0. Then C is T-invariant. 


Proof. Assume that C is not J r -invariant. By Theorem 12.91 there exists a proper birational 
morphism e: X —> Y onto a normal surface Y and whose exceptional locus coincides with the 
support of N. Let K = e*Kj and C = e*C. The Negativity Lemma implies that P = e*K. 
Thus, 

K -C = e*~K ■ C = P ■ C = 0. 

Since K is big, we have C < 0. On the other hand, Proposition 12.13l implies 

C 2 = ( K + C) ■ C > 0 

that is a contradiction. Thus, C is J 7 -invariant. □ 


The following Theorem is proved in | McQ08]. 


Theorem 2.16. |McQ08| , Thm. 1 III.3.2, Remark 111.2.2] Let T be a relatively minimal 


foliation of general type on a smooth surface X. Let Kj = P + N be the Zariski decomposition 
of Kjr and let Z be the union of all the curves C such that P ■ C = 0. Then Z is the union 
of: 


( 1 ) the support of N; 

(2) disjoint chains of rational curves none of which is contained in the support of N; 

(3) cycles T of rational curves such that Sing(J 7 ) 0 T coincides with the singular locus of 
T; and 

(4) single rational nodal curves T such that Sing(J 7 ) 0 T coincides with the singular locus 

of r. 

Moreover, a chain C of type (2) is either disjoint from SuppiV or there exist exactly two 
connected components of SuppiV, each of which consists of a smooth rational curve Ei of 
self-intersection —2, with i — 1,2, and such that both E\ and E 2 meet C transversally along 
the same tail C of C on the points p\ and p 2 , so that the intersection is transverse and 

N\ c = \pi + \vi ■ 


Remark 2.17. Under the same assumptions as in Theorem 12.161 it follows by Proposition 
12.151 that any curve C such that P ■ C = 0 is ^-'-invariant. Since any point lying in the 
intersection of two ^-'-invariant curves is a singular point, the cycles of rational curves and 
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the nodal curve appearing in Theorem 12.161 do not meet any other A-invariant curve. In 
particular they do not meet any component of SuppiV. 

Definition 2.18. A connected component of type (3) and (4) of Theorem 12.161 is called an 
elliptic Gorenstein leaf (e.g.l. for short). 

The following theorem due to McQuillan will play a key role in the proof of our main 
results: 


McQ08, Thm. IV.2.2] Let IF be a relatively minimal foliation on a smooth 

is not a torsion divisor. 


Theorem 2.19. 

surface X. Let T be an elliptic Gorenstein leaf. Then AV|r 


2.2. Foliations and fibrations. When a surface is endowed with a fibration, the study of 
foliations on the variety becomes simpler. In particular two types of foliations play a key role 
in the case of Kodaira dimension one: foliations induced by fibrations and foliations transverse 
to fibrations. 


2.2.1. Elliptic fibrations. We first recall some of the basic notions for the canonical bundle 
formula for an elliptic fibration (e.g. see [Amb04l pag. 236] for more details). Let X be a 
smooth surface and let f: X —> C be an elliptic fibration onto a curve C. Let f'.X'—tC 
be the relatively minimal elliptic fibration associated to /, obtained by blowing-down any 
possible sequence of vertical (—l)-curves. Thus, we obtain a diagram: 


X- 


A X' 



r 


c. 


The discriminant of / is defined by 

(2- 1 ) B c = ^{l~lp)p 

p&c 

where, for any p e C, denotes the log canonical threshold of X' with respect to f'*p\ 

7 p = sup{£ G M>o | ( X',tf'*p ) is log canonical}. 

Then Kx'/c — f* (Me + Be) where Me is a Q-divisor on C which denotes the moduli part in 
the canonical bundle formula of / |Kod64] . In particular, deg Me > 0 and the equality holds 
if and only if / is isotrivial. 

We may write, 


( 2 , 2 ) 


- b: 


C 


E 


m r 




-p 


where the sum runs over the points p such that the fibre F of f over p is a multiple fibre of 
multiplicity m p , that is, f'*p = m p F red , where F red is the reduced divisor associated to f'*p. 
Then 

L = Me T B'fj 
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is an integral divisor on C. Thus, if we denote by {Me} the fractional part of Me, then 

(2.3) Supp{M c } = Supp-B^. 

Furthermore, by |Kod64] . it follows that 

(2.4) 12 Me is Cartier and |12Mc| is base point free. 

We will often use Kodaira’s classification of the singular fibres of an elliptic fibration. In 
particular, if p 6 C is such that the fibre f*p is singular and b p = 1 — is the coefficient of 
Be along p, then the fibre f~ 1 (p) is of one of the following types: 

ml b , I* b , II, II*, III, III*, IV, IV* 


and the corresponding values of b p are: 

1115 13 12 
1_ m’2’6’6’4’4’3’3' 

Remark 2.20. Let X be a smooth surface and let /: X — y C be an elliptic fibration onto 
a curve C and assume that all the fibres of / have support with only normal crossing sin¬ 
gularities. Let e: X —* X’ be the relative minimal elliptic surface associated to / and let 
/': X’ —> C be the induced fibration. We may write K x = e*K X ' + E where E = ^ a D D > 0 
is an e-exceptional divisor. Let p G C. We may write 

f‘p= bo. 

DC/-i(p) 


Then the log canonical threshold is computed on X and it is equal to 

1 + a,£> 


7 p = mm 


D 


d c r\ P ) 


We say that a prime divisor D C / x (p) computes the log canonical threshold at p if 


2.2.2. Foliations induced by fibrations. Let X be a smooth surface and let /: X —y C be a 
fibration onto a smooth curve. The fibration induces a foliation T whose leaves are contained 
in the fibres of /. The canonical divisor of T is (cf. |Bru001 Chapt. 2, Section 3]) 

(2.5) Kjr = K x/c + ^2(1-Id) d 

where the sum runs over all the irreducible curves D contracted by / and Ip denotes the 
ramification order of / along D, i.e. for any p E C we have 

fp= IdD. 

DCf- I(p) 
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Remark 2.21. Let T be a foliation on a smooth surface X induced by a fibration f: X —» C 
onto a curve C. Then T admits only reduced singularities if and only if all the fibres of / have 
support with only normal crossing singularities. Indeed if J- is reduced then by Proposition 
12.51 all the ^-'-invariant curves have support with normal crossing singularities. The other 
direction follows from an explicit computation. 

If a foliation T is induced by an elliptic fibration, then we can give a precise description of 
the Zariski decomposition of Kjr. 


Lemma 2.22. Let X be a smooth surface and let f : X -A C be a fibration onto a smooth 
curve. Let T be the foliation induced by f. 

(1) For any p G C, there exists a neighborhood U of f x (p) such that 

Xj\u ~q (X x + F red )\u 

where F red denotes the reduced divisor associated to f*p. 

(2) Moreover, if f is an elliptic fibration, T admits only reduced singularities, Kj is 
pseudo-effective and Kj = P + N is the Zariski decomposition of K x , then 

P = f*M c 

where Me is the moduli part in the canonical bundle formula. 

Proof. Let p G C and let U be a sufficiently small neighborhood of / _1 (p). If In denotes the 
ramification order of / along D for all D C f l {p), then (12.5|) implies 

Kr\u {Kx + ^ (1 — Id)D)\u — (K x + F red )\ u 

DCf~i(p) 


and ( 1 ) follows. 

Let us assume now that / is as in (2). Let s: X —> X' be the relative minimal elliptic 
surface associated to / and let f-.X'—^C be the induced fibration. 

Then Kx'/c — f'*{Mc + Pc) where Me is the moduli part in the canonical bundle formula 
and Be is the discriminant. Since J- has only reduced singularities, Proposition 12.51 implies 
that the fibres of / have support with only normal crossing singularities. Thus, as in Remark 
12.201 the log canonical threshold is computed on X so that 


7 P = min 


1 + an 


l 


D 


D C f~\p) 


where E > 0 is an ^-exceptional divisor such that K x = s*K X ' + E and E = anD. 
Then (12.51) implies that 


Xx = K x/C + ^(1 - ln)D 

= f*(M c + B C ) + E + ^(1 - l D )D. 

We claim that 

V = r{B c ) + E + Y,{ 1 -Id) d 
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is an effective divisor whose support does not contain any fibre. Indeed, for any p e C and 
for any prime divisor D C f~ l {p), the coefficient of T along D is 

1 + CLD ~ l Dip > 0 

and the equality holds for any D which computes the log canonical threshold (cf. Remark 
12.201) . It follows that T > 0 and, for any p G C, there exists a prime divisor D C f~ l (p) 
which is not contained in the support of Thus, the claim follows. 

Since Supp'k does not contain any fibre, we have that T = N and P = f*Mc . Thus, (2) 
follows. □ 

2.2.3. Foliations transverse to a fibration. Let X be a smooth surface and let f: X —tC 
be a fibration onto a curve C. Let T be a foliation on X which is transverse to /, that is, 
such that the general fibre F of / is not ^-invariant and Kjr ■ F = 0. Thus, there exists an 
effective divisor D tan (cf. |Bru97 . p. 573, Lemme 4]), whose support is contained in the set 
of ^-'-invariant curves contained in the fibres of / and such that 

(2.6) K t = f*K C + Aan + J](Zd - 1 )D 

where the sum runs over all the irreducible curves D contracted by / and Id denotes the 
ramification order of / along D , i.e. for any p E C we have 

/*p= 1dD ■ 

DC/-l(p) 

Let Df = — 1 )D. Since D tan + Df is contained in fibres of /, its Zariski decomposition 

is 

(2.7) Aan + £>/= f*0 + N 

where N is the negative part of the Zariski decomposition and 6 is the largest effective Q- 
divisor such that D tan + Df — f*6 is effective. In particular, 

Kr = f*(K c + 0) + N. 

Since the support of N is contained in hbres of / but it does not contain any of its fibres, 
it follows that if Kj is pseudo-effective and Kj- = P + is its Zariski decomposition then 
Kc + 6 has non-negative degree and N = N. 

Lemma 2.23. With the notation introduced above, let 6 = an< ^ ^ P £ C be such 

that 9 P G Q\Z. Then the support of N contains all the components D of f*p that are reduced 
(i.e. such that l D — lj. 

Proof. We may write 

/*P = 5>* Aan = 5>^° alld N = J2c D D- 

Let D be a reduced component of f*p. Then (12.7(1 implies 

a D = + C B- 
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Since a g is an integer and 6 V is not, it follows that eg 7 ^ 0, as claimed. □ 

Definition 2.24. A foliation T on a smooth surface X and which is transverse to a fibration 
/: X —>■ C whose general fibre is a rational curve is called a Riccati foliation. 

Definition 2.25. A foliation T on a smooth surface X and which is transverse to an elliptic 
fibration /: X —>■ C is called a turbulent foliation. 

Remark 2.26. If T is a turbulent foliation associated to an elliptic fibration f:X — y C, 
then / is isotrivial [BruOOl pag. 64], In particular, it follows that / does not admit fibres of 
type A and I£ for b > 1 [ BruOO . pag. 68 ]. 

Similarly to (1) of Lemma [2.221 we have: 

Proposition 2.27. [BruOOi pag. 69-70]. Let X be a smooth surface and let T be a turbulent 
foliation on X which is transverse to the elliptic fibration f:X—>C. Assume that T admits 
only reduced singularities. Let p G C and let F red be the reduced divisor associated to f*p. 

Then F red has normal crossing singularities and there exists a neighborhood U of f~ l {p) 
such that 

Kr\u {K x + F red )\ u . 

Corollary 2.28. Let X be a smooth surface which admits an elliptic fibration f: X —> C 
and let e: X —» X' be the relative minimal fibration associated to f with induced fibration 
f: X' -A C. Let T be either a turbulent foliation on X which is transverse to f or the 
foliation induced by f. Let Be be the discriminant of f and let B' c be the Q -divisor on C 
defined in (12.21) . Assume that T admits only reduced singularities and that K x is pseudo- 
effective. Let Kjr = P + N be the Zariski decomposition of Kj and assume that [A^J = 0. 
Then 

(1) /(SuppA’) = SuppB^ and in particular N = 0 if and only if B' c = 0; 

(2) if p G SuppB^ then the coefficient of Be at p coincides with the coefficient of N along 
any reduced component E of f*p which is not contained in the exceptional locus of e; 

(3) if p G SuppB^ and D C / _ 1 (p) is a prime divisor, then D is contained in the support 
of N if and only if it does not compute the log canonical threshold at p (cf. Remark 
\2.20\) : and 

(4) if T is turbulent and f*p is a multiple fibre for some p G C, then the reduced divisor 
associated to F is the union of a smooth curve of genus one and trees of T- exceptional 
curves. 

Proof. We have K x = FK X > + E for some e-exceptional divisor E = 'ffanD > 0. By ( 1 ) of 
Lemma 12.221 and Proposition 12.271 it follows that for all p G C, there exists a neighborhood 
U of f~ l (p) such that 

E x \u ~q {Ex + E red )\u 
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where F red denotes the reduced divisor associated to f*p = ^ Dc /-i(p) IdD. Since e*K X '\u 
0, it follows that if 7 p is the log canonical threshold of X' with respect to f'*p, then 

K x \u ~q ( ^ («n + E}D)\ U ^ (a D + 1 — 7 p /,d)-D)| w . 

DC/-l(p) DC/-l(p) 


On the other hand, we have that since T admits only reduced singularities, F red has normal 
crossing singularities and as in Remark 12.201 we have 


7 p = min 


1 + d£) 


D 


d c r\p) 


By (2) of Lemma [2.221 and (12.611 it follows that the Iitaka hbration of Kj- factors through /. 
Thus, P\u 0 and 

N\u = ( ^ — ^ p Id)F>)\u- 

DC/-l(p) 

If p ^ SuppRp then = A-, where m p denotes the multiplicity of f'*p. Thus, 7 p lo is a 
positive integer for each D C f~ 1 (p). In particular, since by assumption \_N\ = 0, we have 
that N\u = 0 . 

On the other hand, if p e SuppR^ then by the classihcation of the singular fibres of an 
elliptic hbration, there exists a component D 0 of F red , such that Id 0 — 1 and cld 0 = 0 . Thus 
(1) and (3) follow. If E C f~ 1 (p) is a reduced component of f*p which is not contained in 
the exceptional locus of e, we have that = 0 and Ie = 1. In particular, the coefficient of 
N along E is 1 — 7 p . Thus (2) follows. 

Assume now that J- is turbulent and f*p is a multiple fibre for some p G C and let F redj be 
the reduced divisor associated to F. Suppose that F redi is not irreducible. By Remark [2.261 
/ -1 (p) is not of type or I£ for b > 1. Then by the classihcation of the singular hbres of 
an elliptic hbration, f*p contains a smooth curve of genus 1 in its support and there exists a 
(—l)-curve E 0 contained in / _ 1 (p) which meets F red — E 0 transversally in either one or two 
points. Proposition 12.271 implies 


Kjr ■ Eq — (K x + F red ) ■ E 0 — —2 + ( F red — Eq) ■ E 0 < 0 . 

I 11 particular, Proposition 12.41 implies that Eq is ^-'-invariant, as otherwise 

Kjr ■ Eq = -El + tang(J', Eq) > 1. 

Thus, Proposition 12.51 implies that Z(F, Eq) = (F red — Eq) ■ E 0 < 2 and E 0 is ^-exceptional 
[BruOOl pag. 72], Let g: X —> Y be the contraction of E 0 and let T' be the induced foliation 
on Y. Then, after replacing X by Y and T by T' and repeating the same argument as above 
finitely many times, we may assume that there exists a (—l)-curve Eq contained in / _ 1 (p) 
such that ( F re d ~ Eq) ■ Eq = 1 and in particular K x = g*K X ’ + Eq. Thus, Eq is contained 
in the support of |_iVj, a contradiction. Thus, F red is a smooth curve of genus one and (4) 
follows. □ 
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2.2.4. Isotrivial fibrations. Given a smooth surface X , we consider an isotrivial fibration 

if): X -> D 

over a curve D and whose general fibre F has genus greater than one. Then there exists a 
curve G and a finite group T acting on G and F such that, if we consider the diagonal action 
of T on G x F, then D = G/T, X is birational to (G x F)/T and the induced diagram 


I-^(GxF)/r 



D = G/T. 


is commutative. |Ser96t Prop 2 . 2 ] implies that 

(2.8) h\X,O x ) = g(G/T) + g(F/T). 

Let £: Y —y (G x F)/T be the minimal resolution and let /: Y —> D be the induced 
morphism. Then the exceptional locus of £ is a disjoint union of Hirzebruch-Jung strings, 
each of which meets the strict transform of a fibre of if transversally in one point |Ser961 
Theorem 2.1]. 

Remark 2.29. With the notation introduced above, we claim that /: Y — > D is the minimal 
fibration so that each fibre has support with only normal crossing singularities, which means 
that if /': Y' —>■ D is any fibration from a smooth surface Y' which is birational to /: Y D, 
i.e. there exists a birational map 77 : Y' —» Y such that for] = /', and such that each fibre of 
f has support with only normal crossing singularities, then there exists a proper birational 
morphism Y' —±Y which defines a factorization of /'. 

Indeed, let q: W —y Y and q': W —> Y' be proper birational morphisms from a smooth 
surface W which resolve the indeterminacy of 77, i.e. 77 o q' = q. It is enough to show that the 
exceptional locus of q' is contained in the exceptional locus of e o q, which implies that there 
exists a proper birational morphism Y' —>• (G x F )/T and the claim follows from the fact that 
Y is the minimal resolution of (G x F)/T. 

Let h: (G x F)/T —y D be the induced moprhism and let us assume by contradiction that 
the exceptional locus of q' is not contained in the exceptional locus of £ o q. It follows that 
there exists p G D such that if E is the strict transform in Y' of the support E' of the fibre 
h~ l {p) then E is (/-exceptional. In particular E is a rational curve. Since F has genus greater 
than one, there are at least three singular points of [G x F )/T along E' which coincide with 
the branch points of the induced finite morphism F -A E'. Thus, there exist at least three 
Hirzebruch-Jung strings inside f~ 1 (p ) intersecting E and in particular the fibre f'~ 1 (p ) does 
not have support with only normal crossing, a contradiction. Thus, the claim follows. 

Let us assume now that any fibre of 7 /;: X —±D has support with only normal crossing 
singularities. Remark 12.291 implies that if factors through a proper birational morphism 
X —> (G x F)/T. Let C = F/T. Then the induced morphism X —y C is a fibration 
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which is called transverse to if. Note that p is also an isotrivial fibration with general fibre 
isomorphic to G. From now on, we assume that the genus of G is greater than one. 

As above, we denote by e: Y —y (G x F)/T the minimal resolution and by if':Y —y D 
and ip': Y — y C the induced morphisms. By Remark 12.291 there exists a proper birational 
morphism v: X —>Y. 

For any p G D and for any prime divisor E C if~ x (p), we denote by Ie the ramification 
index of if along E , so that if*p = J^IeE. Thus, we define = ^2(1 e ~ 1 )E. Similarly, we 
define Dp, TV and Dp,. Note that TV = z/*TL and TV = 14 TV 

Theorem 2.30. |Ser96L Tlnn. 2.1 (i) and Thm. 4.1] With the notation introduced above, 
we have that the support of any fibre of ip and if has support with only normal crossing 
singularities. 

Further, if Z is the reduced divisor on Y whose support coincides with the exceptional locus 
of e, we have 

Ky — ip'*Ec + D^i + if'* Ke> + TV + Z. 

Lemma 2.31. With the notation introduced above, we have that the morphism ip' is the Iitaka 
fibration of K Y / D — D^ and the morphism if' is the Iitaka fibration of K Y /c — Dpi. 

Proof. [Ser961 Prop. 3.1 and Prop. 5.1] implies that 

k(K y /o — D^i) = 1. 

Let G' be the general fibre of ip'. Then, if Z is the reduced divisor on Y whose support 
coincides with the exceptional locus of e, Theorem 12.301 implies 

G' • (K y/d - TV) = G' ■ {ip'*K c + Dp, + Z) = 0. 

Thus, it follows that ip' is the Iitaka fibration of K Y m — D^,. Similarly, if' is the Iitaka 
fibration of K Y /c — Dp,. □ 

Thus, given an isotrivial fibration if: X —> D as above and the associated transverse 
fibration ip: X — y C, there are two foliations on X which are naturally associated to if. 
Indeed, we denote by T the foliation induced by if and by Q the foliation induced by ip. By 
(12.511 . we have 

(2.9) Kjr = K x /d ~ D^ and Kg = K x /c ~ Dp. 

In particular, Lemma [2.311 and Proposition 12.41 imply that tang(J 7 , G) — 0 and therefore T is 
transverse to ip. Similarly, Q is transverse to if. By Remark 12.211 and Theorem 12.301 T and 
Q have reduced singularities. 

Lemma 2.32. With the notation introduced above, we have that 

(1) T and Q are relatively minimal if and only if X is the minimal resolution o/(Gxf)/r; 

(2) the support of the negative part in the Zariski decomposition of K x coincides with the 
exceptional locus of the morphism X —* {G x F)/T; and 
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(3) if p E D then there exists a unique component E of the fibre ip*p which is not T- 
invariant and all the other components are contained in the exceptional locus of the 
morphism X —> (G x F)/T. 

Proof. Remark 12.291 implies that the minimal resolution of (G x F)/Y is the minimal fibration 
so that each fibre has support with only normal crossing singularities. Thus, by Remark 12.211 
(1) follows. 

We now show (2). We first assume that T is relatively minimal. By (1), we have that 
e : X —y (G x F)/Y is the minimal resolution. Let C x ,..., C m be a maximal Hirzebruch-Jung 
string contained in the exceptional locus of e. Then, only one tail, say C m intersects the 
rest of the fibre and, in particular, we have that C\ ,... ,C m are ^-invariant and such that 
Z(F, Ci) = 1 and Z(F, Cf) — 2 if i — 2,..., m. Proposition 12.51 implies that Kjr ■ C\ = — 1 
and Kjr ■ C, = 0 for i — 2,..., m. Let e': X —y X' be the birational morphism which contracts 
C 2 ,..., C m . Then there exists a Cartier divisor K on X' such that Kj = e'*K. We have 
K ■ e'jC\ = Kjr ■ Ci = — 1 and in particular e'JC\ is contained in the support of the negative 
part of the Zariski decomposition of K. Thus, Ci,..., C m are also contained in the support 
of the negative part of the Zariski decomposition of Kjr and the claim follows. 

We now assume that T is not relatively minimal. Let e: Y —y (C x F)/T be the minimal 
resolution. By Remark 12.291 there exists a birational morphism is: X —> Y. By (1), it 
follows that is is not an isomorphism. We prove the claim by induction on the number of 
blow-ups in is. We can factor is — /ioi/j where : X -A Xi is the contraction of a single 
J r -exceptional curve E x . Let fF\ be the induced foliation on Xi and let K J r 1 — P x + N\ be 
the Zariski decomposition of Kj- l . By induction, the support of N x is the exceptional locus 
of £ o p. Since F\ has reduced singularities, there exists a > 0 such that Kjr = is*Kj l + aEi. 
Thus, it is enough to show that E x is contained in the support of the negative part of the 
Zariski decomposition of Kjr. If a > 0, then the claim follows immediately. If a = 0, then 
Kjr = is*Kjr x and the support of the negative part of the Zariski decomposition of Kjr is the 
preimage of the support of N x . Since Kjr ■ E\ = 0, the centre of E x in X x is a singular point 
of T\ and in particular, it is contained in the intersection of two components of a fibre of the 
induced morphism X x —y D. Since the fibres of (G x F)/T —» D = G/T are irreducible, at 
least one of these components is (e o /i)-exceptional. Thus, the claim follows. 

Finally, (3) follows from the fact that any fibre of the morphism (GxF)/T —> D — F/T is 
irreducible and its strict transform on X is the only component in the fibre if*p which is not 
^-'-invariant. □ 


2.2.5. Foliations of Kodaira dimension one. We conclude this section with the following char¬ 
acterisation of foliations with reduced singularities of Kodaira dimension one, due to Mendes 
and McQuillan jMenOOl McQ08]: 


Theorem 2.33. Let T be a foliation with reduced singularities on a smooth surface and such 
that k(F) = 1. Then F is one of the following: 

(1) a Riccati foliation; 
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(2) a turbulent foliation; 

(3) a foliation induced by a non-isotrivial elliptic fibration; or 

(4) a foliation induced by an isotrivial fibration of genus > 2. 


3. Proof of the main results 


Let (X t , F t )tcA be a family of foliations on surfaces with reduced singularities. Our goal is 
to prove that for any sufficiently large positive integer m, the plurigenera h°(X t ,mKj- t ) does 
not depend on t E A. By Theorem 12.31 we can analyse separately the three cases 

(a) n(Ff) = 0 for all t E A; 

(b) ac (Xt) = 1 for all t E A; and 

(c) ac (Xt) = 2 for all t E A. 


3.1. Kodaira dimension 0. We begin with case (a) above: 

Proposition 3.1. Let (X t , F t )teA be a family of foliations such that ac (Xt) = 0 for any t E A. 
Then for any positive integer m, the dimension h°(X t ,mKj - t ) does not depend on t E A. 


Proof. Let Kjr t = P t -\- N t be the Zariski decomposition of Kj t . By Lemma [2.121 the Cartier 
index m 0 of N t does not depend on t E A. By Lemma 12.101 the Cartier divisor m^Pt is a 
torsion divisor. In particular, the torsion index 1 does not depend on t E A. Hence, for all 
t E A we have 


h°(X t ,mhy t ) 


0 if m 0 l does not divide m; 
1 otherwise. 


Thus, the claim follows. 


□ 


3.2. Kodaira dimension 1. We now consider case (b) above. Given a family of foliations 
(Xt, of Kodaira dimension 1, we first prove that the foliations Ft are all of the same 

type: either Ft is Riccati for all t , or turbulent for all t, or induced by a non-isotrivial elliptic 
fibration for all t , or by an isotrivial fibration of curves of genus greater than 1 for all t (see 
Proposition 13.31) . Then, we show that, for any t E A, there exists a fibration Lp t '- X t —A Ct 
onto a curve C t such that (p*S t is the positive part of the Zariski decomposition of Kjr t for 
some ample Q-divisor S t on C t such that the degree of 5 t and the genus of C t do not depend on 
t E A. Finally, for every such case, we show the invariance of the plurigenera h°(X t ,mKjr t ) 
for a sufficiently large positive integer m. 

We begin with the following basic and more general result: 

Lemma 3.2. Let n: X — > A be a smooth family of surfaces. For any t E A, let X t = 7r -1 (f). 
Let P be a nef Q-divisor such that P\x t * s of Kodaira dimension 1 for any t E A and let 

Pt = P\x t - 

Then, for any t E A, there exists a fibration tpt '■ X t —A C t onto a smooth curve C t and an 
ample Q-divisor S t on C t such that P t = ip* t 5 t . 

Further, if Pt ■ Kx t < 0 for some t E A then the degree of St, the genus of the general fibre 
of (pt and the genus of Ct do not depend on t E A. 
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Proof. By assumption, we have that P t is semi-ample for all t € A and there exists a hbration 
(fit - X t — y C t onto a smooth curve C t and an ample Q-divisor 5 t on C t such that P t = S t . 

Pick s G A and let F be a general smooth fibre of ip s . We first assume that K\ a • P s < 0. 
Then, for all t 6 A, the general fibre of ip t is a smooth rational curve and, in particular, 
Kx a ■ F = —2. Thus, for all f G A, we have that P ■ Kx ■ X t = —2 deg (4, which implies that 
the degree of S t does not depend on t e A. Further, for all f 6 A, we have Bfipt&Xt = 0 and 
by the Leray spectral sequence we have that 

g{C t ) = h 1 {C t ,<p t .O Xt ) = h\X t ,Q Xt ). 

Thus, the claim follows. 

We now assume that Kx a • P s — 0. Then, the general fibre of (p t is an elliptic curve for 
all i e A. Let us assume that there exists a (—l)-curve E s on X s which is contained in a 
fibre of <p s . If N Fj / Xs denotes the normal bundle of E s in X s then h l (E s , Ne s /x s ) — 0 and 
by [Kod63l Theorem 1], after possibly shrinking A, there exists a smooth surface E in X 
which intersects the fibres of n transversally and such that E\x a = E s . Thus, there exists a 
birational morphism e: X —y X' which contracts E and a smooth morphism F : X' —y A such 
that 7 T = 7 r'o£ (see also (FM94I Chapt. 1, Prop. 1.20] for a similar argument). Let Q = £*P. 
Since P s - E s = 0, it follows that P = £*() and therefore we may replace X by X' and P by 0. 
Thus, after hnitely many steps, we may assume that there are no (—l)-curves on X s which 
are contained in a fibre of <p s . Since X s is relatively minimal, it follows that K\ = 0. Thus, 
K\ t = 0 for all t G A and X t is also relatively minimal. 

Let Bc t be the discriminant of (p t (cf. (12.111 ). let Mc t be the moduli part of ip t and let 
B' Ct as in (|2.2jl . for all t G A. As in ]FM94] Chapt. I, Prop. 7.1], if ip s : X s —> C s has k 
multiple hbres, of multiplicities mi ,..., for some s G A, then every surface X t has exactly 
k multiple hbres of multiplicities m 1; ..., By [BHPdV04l Chapt. V, Prop.12.2], we have 
that deg(Mc t + B' C ) = x(Xt, Ox t ) does not depend on t e A. Thus, it follows that the degree 
of Mc t + Bc t does not depend on t e A. Since K\ t = (p*(Kc t + Mc t + Bc t ), invariance of 
plurigenera implies that the genus of Ct is constant. 

We now show that, after possibly shrinking A, the divisor P is semi-ample over A, i.e. 
there exists a family of curves p: C —> A and a morphism q: X -A C such that n factors 
through q and P = q*A for some ample Q-divisor A on C. To this end, we distinguish three 
cases. If K,(X t ) > 0 then [ FM941 Chapt. I, Thm. 7.11 (iii)] implies the existence of the family 
p: C —?• A and the morphism q: X —y C as above. Let A be any relatively ample Q-divisor on 
C and let P' = q*A. Then, after possibly rescaling A, we may assume that P| s = P'| s . Thus, 
(P — P') ■ H ■ X t = 0 for any ample divisor H on X t and for all 16 A. It follows that, after 
possibly shrinking A, we have that P = P' and the claim follows. 

Thus, we may assume that n(X t ) < 0 and, in particular, g{Ct ) < 1 for all 16 A. We hrst 
assume that g{Ct) = 0 for all 16 A. After possibly shrinking A, we may assume that the 
stable base locus of P is contained in the fibre Xq = 7r" 1 (0) and in particular, if X* = X\Xq, 
then P\x* is semi-ample. Thus, there exists a factorization 

r^c*4A\{o} 
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where, for each t G A\{0}, we have C t = u^ft). We may assume that P > 0. Let x G X 0 be a 
general point. After possibly shrinking A, we may assume that there exists a one-dimensinoal 
subvariety T C A such that the induced morphism 7r|r: T -A A is an isomorphism and T meets 
X t transversally for each i G A. Let T* = T \ X 0 and let R* = <p _1 ((p(T*)). Then, for each 
t G A \ {0}, we have that R* D X t is a hbre of (ft- Let R be the closure of R* in X. After 
possibly shrinking A, we may assume that R does not intersect the support of P. There 
exists a positive rational number a such that if Q — aR , we have that P\x 0 = Q \x 0 for some 
Q-divisor Q > 0 whose support does not intersect the support of P. As above, it follows that 
after possibly shrinking A further, we have that P = Q. Moreover, since g(C t ) = 0, there 
exists a positive integer m such that mP\x t ~ mQ\x t for all t G A. In particular, mP ~ mQ. 
Since the support of P and the support of Q do not intersect, it follows that the relative 
Iitaka hbration associated to P is a proper morphism over A, i.e. P is semi-ample over A. 
Thus, the claim follows. 

We now assume that g(C t ) = 1, and in particular n(X t ) = 0 for all t G A. By the Enrique- 
Kodaira classification of algebraic surfaces, it follows that X t is either hyperelliptic for all 
t G A or an abelian surface for all i G A. In the first case, [FM94 . pag. 130, Remark 2)] 
implies the existence of the family p: C —?• A and we can conclude as above. Let us assume now 
that X t is an abelian surface for all t G A. By [MFK941 Thm 6.14] (see also [ FC901 pag. 89]), 
we may assume that X is an abelian scheme over A. In particular, there exists a morphism 
/? : X — y X over A, such that its restriction to X t coincides with the inverse morphism on X t 
for all i G A and, for each section 7: A — » X of n, we may define a morphism t 7 : X — >■ X 
over A, whose restriction on X t coincides with the translation by 7(f) on X t for all i G A. 
Thus, the theorem of squares (e.g. [BL041 Theorem 2.3.3]) implies that if Q is any Cartier 
divisor on X and if 7 ' = f3 o 7 , then 2 Q ~ t*Q <g) t*,Q. In particular, if Q is effective, then 
after possibly shrinking A, we have that Q is semi-ample over A. Thus, also in this case, the 
claim follows. 

We now show that the degree of 5t does not depend on i G A. We have that P = q*A for 
some relatively ample Q-divisor A on C. Note that since the fibres of n are reduced, also the 
fibres of p are reduced. Thus, we have that 

deg S t = deg A| p -i (t) 

does not depend on i G A, as claimed. □ 


We now show that the type of the foliation is preserved. A similar argument also appeared 
in jBruOll pag. 130]. 


Proposition 3.3. Let (X t} J-t)teA be a family of foliations such that n(J-'t) — 1 f or any t G A. 
Then all the T t are of the same type, i.e. there are 4 possibilities: 

(1) T t is a Riccati foliation transverse to a fibration ip t '. X t —$■ C t for all t G A (cf. 
Definition \2.2f\) ; 

(2) T t is a turbulent foliation transverse to a fibration ip t : X t — > C t for all t G A (cf. 
Definition 12.251) : 

(3) T t is induced by a non-isotrivial elliptic fibration X t — > C t for all t G A; 
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(4) T t is not Riccati or turbulent and it is induced by an isotrivial fibration of genus > 2 
for all t E A. 

Further, in the cases ( 1 ), ( 2 ) and (3) the genus g(C t ) of the curve C t does not depend on 

t g A. 

Proof. We first prove that the class of the foliation Tt does not depend on t G A. Fix s G A. 
By Lemma [2.71 we may assume that Jr is relatively minimal. Let N > 0 be the Q-divisor on 
X whose existence is guaranteed by Proposition 12.111 such that, if we denote P = Kjr — N, 
P t = P\ Xt and N t = N\x t then K Xt = P t + N t is the Zariski decomposition of K Xt for all 
16 A. By Theorem 12.91 we have that \_N S J = 0. By Proposition 12.Ill after possibly shrinking 
A, we may assume that each irreducible component of N meet the surfaces X t transversally 
in a rational curve and that [N t \ = 0 for all 16 A. 

Let 16 A. By Theorem 12.331 T t is one of the following: 

(1) a Riccati foliation; 

( 2 ) a turbulent foliation; 

(3) a foliation induced by a non-isotrivial elliptic fibration; or 

(4) a foliation which is not Riccati or turbulent and it is induced by an isotrivial fibration 
of genus > 2 . 

For all 16 A, let ip t : X t -A C t be the Iitaka fibration of P t . Note that, by ( 12 . 6 |) . if T t is of 
type (1), (2) then it is transverse to <p t and by (2) of Proposition 12.221 if Tt is of type (3) then 
it is induced by ipt■ If Tt is of type (4) and F is the general fibre of ip t , since (ft is the Iitaka 
fibration of Kj t , it follows that Kj t ■ F = 0. Since any Jp-invariant curve passing through 
the general point of X t is of genus greater than one, Proposition 12.51 implies that F is not 
J-Rinvariant and therefore Proposition 12.41 implies that T t is transverse to (p t . By assumption 
Tt is not Riccati or turbulent, and in particular the genus of F is greater than one. 

The intersection K Xt ■ P\x t = K x ■ P • X t does not depend on 1 6 A. If K Xt • P|x t < 0 for 
all 16 A then T t is of type ( 1 ) and if K Xt ■ P\ Xt > 0 for all 1 6 A then T t is of type (4). 
Thus, we may assume that (ft is an elliptic fibration and T is either turbulent or induced by 
a non-isotrivial elliptic fibration. 

Let Bc t be the discriminant of p t (cf. (12.IIP , let Mc t be the moduli part of p t and let B' Ct as 
in (12.2D . for all 16 A. By | BHPdV04l Chapt. V, Prop. 12.2], we have that deg(Mc t + B' Ct ) = 
x(Ap, 0 Xt ) does not depend on 16 A. 

For any 16 A and for any p G SuppRR, (1) and (3) of CoroIlarv l2.28l implv that there exists 
a prime divisor D C nSuppfV which does not compute the log canonical threshold at p 

(cf. Remark 12.201) . We claim that the number of points in SuppR^ does not depend on 16 A. 
Indeed, if C,C are connected components of SuppA such that C\ Xt ,C'\ Xt are contained in two 
different fibres of tp t for some 16 A, then it is sufficient to show that C\ Xt ,C'\ Xt are chains of 
rational curves which are contained in two different fibres of <p t for all 16 A. Indeed, assume 
by contradiction that there exists to G A and C\, ... ,Ch, Ch+ 1 ,... ,Ck connected components 
of SuppiV such that 

• Ci\x t is contained in F{ for i — 1,..., h and 
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• Ci\x t is contained in F% for i = h + 1 ,..., k 

where Ff, F! 2 are fibres of ip t and F{ F 2 for £ 7 ^ £ 0 and F[° = Fj 0 . Since [N t \ = 0 for all 
£ £ A, Lemma [2.231 implies that the chains C{\x t contain all the reduced components of F{ 
for i — 1,..., h for £ 7 ^ £ 0 . It follows that the same condition is preserved for £ = £ 0 . By (1) 
of Corollary 12.281 the fibre F% is not a multiple fibre for all £ 7 ^ £ 0 and since <p t is a fibration 
by elliptic curves, there exists a reduced component of Ff for all £ 7 ^ £ 0 . Thus, there exists 
a component of a chain C with i = h + 1 ,..., k that degenerates to a rational curve with 
multiple coefficient, which is a contradiction because, by Proposition 12.Ill the chains Cj meet 
the fibres of n transversally. Thus, it follows that the number of the points in the support of 
B' Ct does not depend on £ £ A. 

Moreover, by the classification of singular fibres of an elliptic fibration, there exists a reduced 
component E of p^p which is not contained in the exceptional locus of the relative minimal 
fibration X t -A X' t associated to <p t ■ -A —* C t . Thus, (2) of Corollary 12.281 implies that degF^ 
does not depend on £ £ A. In particular, deg Mc t does not depend on £ £ A. Remark [2.261 
implies that degM Ct = 0 if and only if T t is turbulent. Thus, either T t is turbulent for all 
£ £ A or Ft is induced by a non-isotrivial elliptic fibration for all £ £ A. 

Finally, Lemma 1X21 implies that in the cases (1), ( 2 ) and (3), the genus of the curve C t 
does not depend on £ £ A. □ 

Proposition 3.4. Let (X t ,F t ) te a be a family of foliations induced by non-isotrivial elliptic 
fibrations ip t \ X t —> C t over a curve C t of genus g. Then for any sufficiently large positive 
intgerm, the dimension h°(X t ,mKjr t ) does not depend on t E A. 

In Example 13.91 we show that in general the claim does not hold if m — 1. 

Proof. We want to show that for any sufficiently large positive integer m, the dimension 
h°(X t ,mKjr t ) is locally constant. Fix s £ A. By Lemma 12.71 we may assume that F s is 
relatively minimal. Let N > 0 be the Q-divisor on X whose existence is guaranteed by 
Proposition 12.111 such that, if we denote P = Kj — N, P t — P\x t an d At = N\x t then 
Kx t = Pt + N t is the Zariski decomposition of Kjr t for all £ £ A. By Theorem 12.91 we have 
that [N s \ = 0. By Proposition 12.111 after possibly shrinking A, we may assume that each 
irreducible component of N meet the surfaces X t transversally in a rational curve and that 
|_-AJ = 0 for all £ £ A. 

For any £ £ A, let X t —> X[ be the minimal elliptic fibration associated to an d let 
<p' t : X[ -A C t be the induced morphism. Let Bc t and Mc t be the discriminant and the moduli 
part in the canonical bundle formula of (cf. (12.11) 1. Then, Lemma [2.221 implies that 

K Xt = Tt (Kct + + B Ct ) + E t and P t = (p* t (M Ct ), 

where E t > 0 is ^-exceptional for each £ £ A. 

Then Lemma [3.21 implies that 

deg(/i Ct + M Ct + B Ct ) and deg(Mc t ) 

do not depend on £ £ A. By Proposition 13.31 the genus of C t does not depend on £ £ A. Thus, 
also deg B Ct does not depend on £ £ A. 
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For any £ € A, let B' c be the Q-divisor on C t defined as in ( 12 . 21 ) . By (12.3D . we have 

Supp{M 6 y} = Supp B' Ct . 

As in the proof of Proposition 13.31 there exists c±,... ,Ck E (0,1) and, for any t E A, there 
exist distinct p \,... ,p\ E C t such that 

k 

B 'ct = D 1 “ c ^\- 

i =1 

Since Mc t + B' c is integral, 

k 

Wet} = E«rf- 

i =1 

Thus, for any positive integer m the degree of \_mMc t \ , does not depend on t E A and we 
may choose m sufficiently large so that deg \rriMc t J >2g — 1. For all t E A, we have 

h°(X t , 0 Xt ([mP t J)) = h°(C t , 0 Ct ([mM Cl j)) = deg[mM Ct J + 1 - g(Cf) 

and the claim follows. □ 

Proposition 3.5. Let (X t ,Pf) teX be a family of Riccati or turbulent foliations transverse to 
the fibration tp t : X t Ct for all t E A. Then for any positive integer m, the dimension 
h°(X t ,mKjr t ) does not depend on t E A. 

Proof. We want to show that h°(X t , mKj t ) is locally constant. Fix s E A. By Lemma [2771 we 
may assume that T s is relatively minimal. Let N > 0 be the Q-divisor on X whose existence 
is guaranteed by Proposition 12.111 such that, if we denote P = Kj — N, P t = P\ Xt and 
N t = jV|x t then K Xt = P t + N t is the Zariski decomposition of K Xt for all t E A. By Theorem 
EM we have that |_iV s J = 0. By Proposition 12 .Ill after possibly shrinking A, we may assume 
that N meets the fibres of n transversally in chains of rational curves and that |_WJ = 0 for 
all t E A. By (12. 6 p . there exist effective divisors D\ &n and D Vt contained in the fibres of <p t 
which are J r r invariant and such that 

Xj t = Vt K c t + D \ an + D n . 

As in (12.71) . there exists a Q-divisor 9 t on C t such that D* an + D^ t = ipl9 t + N t and P t = 
<pl(Kc t + 0 t ), for any t E A . By Lemma 1X21 the degree of Kc t + 9 t is constant and, by 
Proposition 13.31 the genus of the curve C t does not depend on t E A. It follows that also the 
degree of 9 t is constant. 

For all t E A, we may write 

e t = E 9 pjp- 

p&Ct 

We may assume s = 0. We want to show that the components of tpfp such that the 
coefficient 9 P)t is not integral do not meet as t approaches 0. Let p E C t be such that 9 Ptt is 
rational but not integral, for some t E A. We claim that either ip*p is a multiple fibre whose 
support is a smooth curve F of genus one or it contains a reduced component. Indeed if T t is 
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a Riccati foliation, then the claim follows from the fact that every fibre of <p t admits a reduced 
component. On the other hand, if P t is a turbulent foliation, then the claim follows from (4) 
of Corollary 12.281 and the fact that, by classification of singular fibres of elliptic hbrations, 
any singular fibre, which is not a multiple fibre, contains a reduced component. 

As in jFM941 Chapt. I, Prop. 7.1], if p>o- -W —> Co has k multiple fibres, of multiplicities 
mi,..., m.fc, then every surface X t has exactly k multiple fibres of multiplicities mi,..., m^. 
It follows that multiple fibres cannot meet. We now assume that <p*p is not a multiple fibre 
and it contains a reduced component. By Lemma 12.231 SuppiY, contains all the reduced 
components of p^p. Thus, since N meets X t transversally for all t 6 A, it follows that the 
components of p* t p such that the coefficient 0 p , t is not integral do not meet as t approaches 0. 
Indeed the same argument as in Proposition 13.31 goes through because since ipt is a hbration 
by rational or elliptic curves, every fibre has a reduced component. 

By Proposition 13.31 the genus g(C t ) does not depend on t G A. Thus, 

h°(X t , mKjr t ) = h°(X t , \ mP t \) = h 0 (C t ,mK Ct + \m6 t \) = deg(mK Ct + [m0 t \) + 1 - g(C t ) 

does not depend on t G A and the claim follows. □ 

Proposition 3.6. Let (X t ,P t ) te x be a family of foliations which are not Riccati or turbulent 
and they are induced by isotrivial fibrations of genus g > 2. Then for any positive integer m, 
the dimension h°(X t ,mKj- t ) does not depend on t e A. 

Proof. We want to show that h°(X t , rriKj - t ) is locally constant. Fix s G A. By Lemma 12771 we 
may assume that Pq is relatively minimal. Let N > 0 be the Q-divisor on X whose existence 
is guaranteed by Proposition 12.111 such that, if we denote P = Kjr — N, P t = P\x t and 
Nt = N\x t then Kj- t — Pt + Nt. is the Zariski decomposition of Kj t for all £ € A. By Theorem 
12.91 we have that |_A r 0 J = 0. By Proposition 12.Ill after possibly shrinking A, we may assume 
that each irreducible component of N meet the surfaces X t transversally in a rational curve 
and that [N t \ = 0 for all t G A. 

By Remark 12.291 for all t G A, there exists a proper birational morphism 

a t -.X t ^W t := (G t xF t )/T t 

where F t and G t are smooth curves such that the genus of F t is greater than one and T t is a 
finite group acting on F t and G t ■ By Theorem 12.301 for any t e A, there exist two hbrations 
<p t - X t —> C t and f ) t : X t —> D t over the curves C t = F t /T t and D t = G t /T t with hbres having 
support with only normal crossing singularities and such that T t is induced by and it is 
transverse to ip t - Since T t is not Riccati nor turbulent, also the curve G t is of genus greater 
than one for all t G A. 

We now show that Pt is relatively minimal for all t e A. Indeed, by (2) of Lemma 12.321 the 
support of N t coincides with the exceptional locus of a t . By (1) of Lemma l2.32l the exceptional 
locus of a t contains a (—l)-curve if and only if the foliation is not relatively minimal. Since P s 
is relatively minimal, it follows that the support of N s is a union of Hirzebruch-Jung strings 
and, in particular, the support of N s does not contain any (—l)-curve. Therefore the support 
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of N t does not contain any (—l)-curve for all f 6 A. Thus, J- t is relatively minimal and X t is 
the minimal resolution of W t for all t G A. 

Let Ei ,..., Ek be the irreducible components of N and, for any t G A, let 

E‘ = E t |x,. 

By Theorem 12.91 E\ is a smooth rational curve. In particular, the self-intersection ( E\ ) 2 
is a negative number which does not depend on t 6 A. Since, by (2) of Lemma 12.321 the 
exceptional locus of a t coincides with the support of N t , it follows that there exists an effective 
Q-divisor 0 on X , whose coefficients are contained in (0,l)flQ and whose support is contained 
in the support of N, such that 

K Xt = ot* t K Wt - 01 x t 

for any f G A. In particular, (X, 0) is Kawamata log terminal, and since K Wt is ample for 
all t 6 A, it follows by the base point free theorem [KM981. Thm. 3.24] (see also |KM98I 
Example 2.17]) that K x + 0 is semi-ample over A, i.e. if we define 

R{X/A, K x + 0) = @n.O x {lm(K x + 0)J) 

m> 0 

and 

(3.1) W = Proj R(X/ A, K x + 0) 

denotes the log canonical model of K x + 0 over A, then, there exists a proper birational 
morphism a: X —y W which defines a factorization of x and such that, if we denote A* = 
A\{0}, then, after possibly shrinking A, the induced morphism X t —y a(X t ) coincides with 
a t , for all t e A*. Note that, by the Negativity Lemma, we have that P = a*Q , where 
Q = a*P is a nef Q-divisor on W. 

We claim that, after possibly shrinking A, the Q-divisor P is numerically equivalent to a 
semi-ample over A, i.e. there exists a family of curves C —» A and a morphism ip: X —>■ C 
which defines a factorization of n, and such that P = ip*H for some relatively ample Q- 
divisor P[ on C. To this end, we may and will perform a base change r: A —y A which is 
totally ramified over the origin. Indeed, we may replace n: X —y A by the family of surfaces 
7r': X' —y A obtained by base change and P by the pull-back of P on X'. We will do this, 
without changing notation. 

Lemma 12.311 and (12.91) imply that (p t is the Iitaka fibration of Kj t for all t G A. Let Z = U Ei 
be the support of N. By (2) of Lemma [2.321 Z\ Xt coincides with the exceptional divisor of 
a t . Thus, (12.91) and Theorem 12.301 imply that 

Kx t - K?t + z \x t = Kx t ~ Kxt/Dt + Di> t + z \x t = Kx t /c t ~ D<p t 

and, therefore, Lemma T2.3II implies that is the Iitaka fibration of (Kx — Kj- + Z)\ Xt for all 
t G A. It follows that, after possibly shrinking A, we may assume that, if X* = X \ Xq, we 
have two factorisations 
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such that for all t G A* the restrictions of <p' and ip’ to X t coincide with <p t and ip t . After 
possibly shrinking A again, we may assume that there exist two families of curves p ’: F* —y A* 
and q': G* —> A* such that for all t G A*, we have that F t is isomorphic to and Gt is 

isomorphic to q'~ x {t). Finally, we may assume that the group T t does not depend on t G A*. 
We will denote it by T. 

Since the moduli functor of stable curves with an action of a finite group is proper (e.g. 
see [Tuf93] ). after a base change r: A —y A totally ramified over the origin, we may find two 
families of curves p: F —y A and q: G —» A which extend the families F* and G* on the 
whole A. Moreover, the group T acts on F and G so that, for all t G A*, the action on p _1 (f) 
and g -1 (t) coincides with the action of T* on F t and G t respectively (see |v()061 Theorem 3.1] 
for a similar argument). 

Let p: W' = (G Xa L)/r —> A. By abuse of notation, we continue to denote by W, the 
pull-back of the log canonical model over A defined in (13. ip after the base change performed 
above. Note that W and W' are isomorphic over A*, and by the separateness property 
of the moduli functor of stable pairs (e.g. see [HX13 . Lemma 7.2]), it follows that W is 
isomorphic to W'. In particular, there exists a proper birational morphism X —y W', induced 
by a: X —y W. Let C := F/T and let u: C —> A be the induced morphism. Then, there exists 
a proper morphism <p: X —> C which factors through X —> W' and, after possibly shrinking 
A again, we may assume that there exists a relatively ample Q-divisor FI over A, and after 
rescaling H we have P = ip* II. Thus, the claim follows. 

Since Cq is the normalization of the curve i /_1 (0) C C, we have that g(Co) < g{Ct) for all 
i G A and, similarly, we have that g(D 0 ) < g(D t ). Since (12.81) implies that h) (X t , Ox t ) = 
g(C t ) + g(D t ), it follows that the genus of C t and the genus of D t do not depend on t G A. 

Let ( G A. By (12.6|) there exists effective divisors D\ &n and D, pt contained in fibres of <p t 
such that 

K T t = Pt K c t + D \ an + D pt . 

Thus, (12.9p and Theorem 12.301 imply that 

(3- 2 ) Z\ Xt = D \ an 

where, as above, Z denotes the support of N. 

By flU]), we have that P t = <p* t (Kc t + 6 t ) for some Q-divisor 6 t > 0 on D t such that 
deg(A" Ct + 6 t ) does not depend on t G A and 6 t is the largest Q-effective divisor such that 
D\ an + D pt — ip*9 t is effective. Since g(C t ) is constant, we have that deg6* f = deg Go for all 
IgA. 

We want to show that the points in the support of 6 t do not collide as t approaches 0. 
For any t G A, the support of 9 t is contained in </? t (Supp(D* an + D pt )). Multiple fibres with 
smooth support do not collide nor they meet components corresponding to singular fibres 
because the self-intersection of the reduced part of a multiple fibre is nilpotent but non-trivial 
and the structure is preserved for all t G A. Since the components of N do not meet, (2) 
and (3) of Lemma [2.321 imply that the points in <^ t (SuppAG) do not collide as t approaches 0. 
Thus, (13.21) implies the claim. 
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In particular, there exist positive rational numbers c \,..., Q such that for all t E A there 
exist distinct points pi it ,... ,pz it which form irreducible curves on C and such that 

(3.3) 9 t = Y api jt for all t E A. 

In particular, the degree deg \_m9 t \ does not depend on t E A. Thus, 

h°(X t , mKjr t ) = h°(X t , \ mP t \) = h°(C t ,mK Ct + \ mQ t \) = deg [mK Ct + \ mO t \) + 1 - g{C t ) 

does not depend on t E A and the claim follows. □ 


3.3. Foliations of general type. It remains to study the invariance of plurigenera for foli¬ 
ations of general type. The main ingredients used in the proof are Theorem 12.191 Theorem 
12.161 Kawamata-Viehweg vanishing theorem and the study of the Zariski decomposition of 
\mPtl 

Proposition 3.7. Let (X t , be a family of foliations such that n(J-'t) = 2 for any t e A. 

Then for any sufficiently large positive integer m, the dimension h°(X t , mKj? t ) does not depend 
ontE A. 

Proof. In the course of the proof, we denote by {D} the fractional part of a Q-clivisor D. We 
divide the proof in 6 Steps: 

Step 1. By Lemma 12.71 after possibly shrinking A, we may assume that Pu is relatively 
minimal, where 0 G A corresponds to the central fibre Xq. By Proposition 12.Ill we may write 

Ky = P + N 

such that for any t E A, if we denote P t = P\x t an d N t = N\x t then 

K Tt = P t + N t 

is a Zariski decomposition of Kj? t . After possibly shrinking A further, by Proposition 12.111 
we may assume that each irreducible component of N meet the surfaces X t transversally in 
a rational curve. In particular, we have 

H°(X t , mKjrf) ** H°(X tl \mP t ]), 

for any t E A. It is enough to show that h°(X t , \mPf\) > h°(X 0 , |"mP 0 l) f° r an y t E A. We 
denote by i the Cartier index of P t . By Lemma 12.121 i does not depend on t E A. 

Step 2. Let Ei, ..., Ek be the irreducible components of N and let 

E‘ = Ei\ Xt . 

By Theorem 12.91 E\ is a smooth rational curve. In particular, the self-intersection ( Ej ) 2 is a 
negative number which does not depend on t E A. 

Thus, if 


vp-X t ^Y t 
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is the contraction of SuppJV t , then there exists an effective Q-divisor 0 on X, whose coefficients 
are contained in (0,1) D Q and whose support is contained in the support of N, such that 

K Xt = vlKy t - 0|x t , 


for any i 6 A. We denote 

©t = @U t 

for any i 6 A. 

Step 3. For any i 6 A and for any positive integer m, let 

= P$ + 

be the Zariski decomposition of \mP t ~\. Note that 


\mP t ] = mP t + {—mP t } 

and therefore Nm < {—mP t }. In particular, the support of is contained in the support 
of N t and 

= 0 

for any t € A. Note that the divisor Nm is uniquely determined by the intersection of \ln f) \ 
with the components of SuppIV t . Thus, 

N {t) = N {t) , 

m m' 

for any positive integers m, ml which are equal modulo i. In addition, there exist Q-divisors 
Nm, Pm ° n X such that 

\mP ] = P m + N m 

and 

N m \x t = 

for any t e A. 

Step 4. Let T 1 ,...,T p be all the elliptic Gorenstein leaves contained in the central fibre X 0 
(cf. Definition I2.18p . By Theorem 12.161 there exist C\,... ,C q disconnected chains of rational 
curves in X 0 such that 

p q 

{G C X 0 | P • G = 0} = (J Ti U 1J C* U SuppiYo. 

i— 1 i =1 

Let Z = Ef.r U + ELi ft. 

By Remark [2.171 the curves Ti,..., T p do not intersect the support of N 0 and in particular 

O uri (\mP 0 -}) = O uTi {mK To ) 

Thus, Theorem 12.191 implies that for any positive integer m the sheaf G u r i (|"^Pol) ^ as degree 
zero and is not torsion. For each i = 1,... ,p, the curve T,; is Cohen-Macaulay with trivial 
dualizing sheaf and Serre duality implies that 

h\T u \mP 0 1) = h°(T h ~\mPo\) = 0. 
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Thus 

(3.4) h 0 (UTi, \mP 0 1) = h\ UT,, \mP 0 ]) = 0. 

Let C C U Ci be an irreducible component. By Theorem 12.161 there are two possibilities: 
type A: C D SuppiVo = 0; or 

type B: N 0 \c = \pi + \p 2 , with pi,p 2 G C distinct points. 

Moreover, if C is of type B, then pi belong to a connected component Ef of SuppA 0 which 
is a smooth rational curve of self-intersection -2, for i = 1,2. In particular, the coefficient of 
@o along Ef is zero for i — 1,2. 

For any positive integer m, we have 

{ 0 if C is of type A 

0 if C is of type B and m is even 

1 if C is of type B and nn is odd. 

Let hi be positive integers so that 

i n%> +9o+ \ J2( E ? + E)\ = E h - E 

where the sum runs over all the curves C C U Ci of type B. We first prove the following: 
Claim: We have /r 1 (U Q, |"mP 0 ] — = 0- 

Let C 0 be an irreducible component of UC*. If C 0 is of type A, then 

deg([mP 0 ] -5 ^M£)|c 0 = °> 

and in particular h x (C 0 , \mP 0 ~\ — h%Ef) = 0. 

If Co is of type B and m is even, then the coefficient of mPo along Ef° is integral and in 
particular the coefficient of along Pf° is zero. Since also the coefficient of @ 0 along Ef° 
is zero, we have that 

coeff E c 0 (LA"i 0) + ©o + ^ + C 2 c ') J) = 0 for i = 1, 2 

and, in particular, 

deg([mP 0 ] ~^fiiE-)\c 0 = 0. 

Thus, also in this case, we have /i 1 (Co, [mPo] — Y h*E °) = 0. 

Finally, if Co is of type B and m is odd, similarly as above we have 

de § (52 h i E i)\c 0 e {0,1,2}, 

and in particular 

deg([mP 0 ] -^hiE°)\ Co G {1, 0, —1} 
and also in this case, we have /i 1 (Cq, \mP 0 ~\ — Y hi^i) = 0. 
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Thus, if Ci = C\ U • • • U C q is a connected component of UC*, then it is a chain of rational 
curves which admits at most one tail of type P, and all the other curves are of type A. Thus 
we have a short exact sequence 

0 — > ( \mP 0 ] — ^ hiE°) —> ^ Ocj (\mP 0 ] — ^ h t E^) —)■ (J) 0 Cj nc j+1 ( \mPo] ~^ KE °) -A 0 

3 =1 3 =1 

such that the induced map 

® [mPol - v M?) -t 0 H°(Cj n C j+1 , [mP„l - V 

J=1 j =1 

is surjective. Since h}{Cj, [mP 0 ~| — ^ /i,;P 4 0 ) = 0 for any irreducible component Cf, of C, the 
claim follows. 


Consider now the short exact sequence 

0 —>■ Ox 0 (rmPol -Z- J2 h i E i) “»• °*o (\mP 0 ] -J2 h ^ E i) ^ °^ Ci [\mP 0 ] - ^ 0. 

Thus, (13.41) and the claim above yield the exact sequence 

0 —>• P°(X 0 , rmPol -Z-ZhiE?)^ H° (X 0 , \mP 0 ] - E ^E?) ^ H° {UC i: \mP 0 ] - E h t E°) ^ 

->• P^Xo, TruPol^ P^Xq, [mPol-E^^O 


and 

P 2 (X 0 , fmPol - Z - ^ /qP°) = P 2 (X 0 , rmPol - ^ /qP' J ) . 


Step 5. Set Po = uq*Pq. By the Negativity Lemma, it follows that Po = u^Pq. 
Let a be a positive integer. By Step 3, we have that 

SuppiV® C SuppXo- 


Set Z = v Qif Z. Thus 

where, as above, the sum is over all the curve C of type P. Let Cq C A"o be an irreducible 
curve such that P 0 ■ C 0 = 0. If C 0 is contained in the support of N 0 , then 

(Pvq + @o) • Cq = 0 and (Z + - + E%)) ■ Cq — 0. 

On the other hand, if Cq is a smooth rational curve which is not contained in the support of 
No, then Theorem 12.161 and Remark 12.171 imply that 

(©0 + Z + - + Ey)) ■ Cq < Cq + 2. 

Finally, if Co is a single rational nodal curve, then 

e„ + i^(Ep + £?))■ C„ = 0. 


(Kx o + Z) ■ Cq = 0 and 







ON INVARIANCE OF PLURIGENERA FOR FOLIATIONS ON SURFACES 


33 


Thus, Theorem 12.161 implies that for each C 0 C A" 0 irreducible curve such that P 0 ■ C 0 = 0, 
we have 

(AV 0 + Z) ■ Po*Co = (Kx 0 + ©o + Z + — 'Yj, E \ + )) • Cq < 0. 

It follows that there exists a sufficiently large positive integer b such that 

biP 0 - (K Yo + Z) 

is big and nef. 

We denote m = a + bi. In particular, by Step 3 we have that ivi 0) = Nm ■ In addition, 

\mP 0 ] = biP 0 + \aP 0 ]. 

We have 

Ml -Eri-EG-EM? 

= \mP 0 ] -Z-^hiE? 

= K Xo + u*(biP 0 - (AYo + Z)) + [aP 0 ] - E hiE? + 0o + ± YX E i + E Z) 

= K Xo + u*(biP 0 - ( K Yo + 2)) + Pi 0) + iVi 0) - E hiE? + 0o + | E(Af + A 2 c ). 

Since E ^i E i = [Nm + ©o + \ E(Af + Af)J, the divisor 

Af(°> - £ ftiS? + 0„ + 1 + Eg) 

is an effective divisor with coefficients in the interval (0,1) and whose support is contained in 
the support of N 0 . On the other hand, (biPo — ( Ky 0 + 2)) + P^ is big and nef. 

Thus, Kawamata-Viehweg vanishing theorem implies 

H j (X o, \mPo] -Z-J2 h i E i) = 0 for a]1 3 > 0- 
Then, by Step 4, we have 

H j (X 0 , \mP 0 } - Y hiE°) = 0 for all j > 0. 

In particular, 

h°(X o, \mP 0 ] - Y h i E i) = X(X 0 , \™P 0 ] - Y M?). 

Note that x(X t , \mP t ~\ — E hiEf) does not depend on 16 A. 

Step 6. In Step 4 we defined E h t Ef = [Nm' 1 + ©o + |E(Af + E^)]. Note that, since 
the coefficient of © 0 are contained in the interval (0,1), and for each curve C of type B , the 
curves E[ : and are not contained in the support of 0 O , it follows that 

i + 01 + e» + i + E)i < r+ 0, i • 

Thus, we have that 

J>u< r+?i 

for any 16 A. By the properties of the Zariski decomposition, 

H°(X„ rmP.l) ^ H°(X„ - iV«J) = \mP t 1 - r+?l)- 
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More precisely, for any effective divisor E < \Nm ]. 

\mP t 1 ) = H°(X t , \mPt] - E ). 


In particular 

h°(X u \mP t 1) = h°(X t , \mP t ] - ^ h^) 

for all t E A. Note that since Pt is big and nef for all t E A, if m is sufficiently large then 
Serre duality implies that 

h 2 (X t , \mP t -\-Y J h i E*) = 0 

for all t E A. Since 

M 3 .! - Y. h ‘ E ‘i = (M3 - E mil, 

for all t E A, Step 5 implies that 

h°{X t , \mP t 1) = h°{X t , \mP t } - ^ M£) 

> X (X t ,\mP t ]-J2hiEt) 

= X (X 0 , \mP 0 ]-J2hiE°) 

= h°(X o, \mP 0 ~] = h °( X °» r^Pol) 

for all t E A, concluding the proof of the Proposition. □ 


We are now ready to prove our main Theorem: 

Proof of Theorem \l.l[ Proposition 13.II implies fib Proposition |33]together with Propositions 
13.4113.51 and 13.61 imply (2) and (3). Finally, Proposition 13.71 implies (4). □ 


3.4. Some Examples. We now show three examples on which invariance of plurigenera does 
not hold. 

We begin by providing an example of a family of foliations which does not satisfy hypothesis 
(2) of Definition 12.21 and for which the Kodaira dimension is not constant: 

Example 3.8. For j = 1,2, let fj jto € C[x 0 ,Xi,x 2 ] be a homogeneous polynomial of degree 
four which is the product of a linear factor / and a factor Cj of degree 3 such that {cj = 0} is 
a smooth cubic 

fj,to = l ' c j- 

For j = 1,2, let fj jtl G C[xo, 2h, ^ 2 ] be a homogeneous polynomial of degree four such that 
{fj,n = 0} is a smooth quartic. We may assume that fj :to and fj ttl are such that 

• for any t E A \ {0} and j = 1, 2, if we define ff t = tfj,t 0 + (1 — t)fj,t 1 then the curve 
{fj,t = 0} is a smooth quadric; 

• for any t 0 the curves {fi t = 0} and {/ 2] t = 0} meet transversally; 

• the curves {ci = 0} and {c 2 = 0} meet transversally in 9 points pi,... ,pg; and 
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• for any t G A \ {0}, the curves of the pencil 

V t = {ufi t t + vf 2 ,t = 0 | [u : v] G P 1 } 

are all irreducible and reduced. 

The base points of the pencils V t form 16 curves B\,...,Biq in P 2 x A meeting the hbres 
transversally. After possibly reordering the points Pi, ■ ■ ■, p<j , we may assume that there exists 
k such that the curves B \,..., £+ pass through p k+1 ,... ,p 9 and we may pick Bn ,..., Bi e+k 
smooth curves in P 2 x A meeting P 2 x {0} transversally in p±,... ,p k . 

Let 

T 4 P 2 x A A A 

be the blow-up of P 2 x A along the curves B 1} ... ,Bi§ +k . Let tt: X —* A be the induced 
morphism with X t = 7T _1 (£) and let £ t - X t —> P 2 be the induced morphism with exceptional 
divisors E[,..., E[ 6+k . 

For any t G A\{0} we have a fibration f t : X t —> P 1 whose general hbres are the strict 
transforms of the elements of Vt- On Xo we have a fibration /o: Xq —)■ P 1 whose hbres are 
the curves in the pencil generated by c± and C 2 - Let H be a hyperplane section in P 2 and let 
p G P 1 be a general point. For any t ^ 0, the hbre f*p is the strict transform of a curve in 
the pencil, thus 

16 

siv ~ Am) - E E ‘i- 

1=1 

Let J- t be the foliation on X t induced by the fibration f t . Then for any t ^ 0 

16+fc 16+fc 

Kn = K Xl/ = s' t K r 1 + E E ‘i + /i*(2 P) ~ E E ‘ + e ‘ H + Siv- 

i= 1 i= 17 

In particular, Kj- t is big. On the other hand, if t — 0 then 

9 

& ~ 4(3H) ~ E 

i= 1 

and 

16+fc 16+fc 

= K Xo/ ,, = + E E ° + /o*(2p) ~ E E ° + /o> 

i= 1 i=10 

Then for t = 0 the canonical divisor A+ is not big. 

Note that the foliation we obtain is induced by a fibration on each hbre, but there does not 
exist a fibration on X which induces the foliation. 

We now show an example of a family of foliations (X t , ++A of Kodaira dimension one, 
which are induced by nonisotrivial elliptic hbrations and such that h°(X t ,Ox t (Kjr t )) is not 
constant, for t G A. 
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Example 3.9. Let C be a curve of genus at least 2. Let p Qtt , pi >t be two families of points 
on (7, with t G A, such that p 0 ,o — Pi,o and Po,t 7^ Pi,t for an y t ^ 0. The line bundle 

C t = O c (K c + po,t ~ Pi,t) 

defines an elliptic fibration 

'•fit '■ X t -A C 

such that its moduli part is Mc,t = Kc + Po,t ~ Pi,t and with discriminant E>c,t = 0 for any 
t£ A (cf. (12. ip ). Let Tt be the foliation associated to <p t . By Remark 12.211 the singularities 
of F t are reduced and therefore they define a family of foliations (X t , Ft)teA- We have 

0 Xt (K Tt )) = H°(C , 0 Ct (M c ,)) 

and the latter vector space has dimension g if t — 0 and strictly less than g if t ^ 0. 


Note that elliptic Gorenstein leaves (cf. Definition ^. 18p never appear on foliations of general 
type induced by fibrations over a curve. Indeed, let T be a foliation of general type on a 
smooth surface X induced by a fibration /: X -A C over a curve C. Assume by contradiction 
that there exists an e.g.l. Y on X. Since Y is ^-'-invariant, Y is contained in a fibre F of /. 
Since the fibres of / are connected, Remark 12.171 implies that Supp(r) = Supp(F). Since 
Kjr • Tj = 0 for any curve contained in the support of L, it follows that K x ■ F — 0, which is 
a contradiction because Kj- is big and the fibres form a covering family. 

Nevertheless, even for foliations of general type induced by fibrations, invariance of pluri- 
genera does not hold for small values of m, as our example below shows. 


Example 3.10. Let C be a smooth curve of genus g > 2. Let £ be a line bundle on C — Cx A 
such that, if we denote L t = Ci(£|cxp}), then 

L 0 = K c and h°(C , L t ) < h°(C, K c ) =g if t ± 0. 


Let 


£ = O c ® O c 0 C 


and let p: Z — P(£) —» C. Let g: Z —> A be the induced morphism. For any t E A, we 
denote by pt'- := g~ l {t) —y C the restriction morphism. We have 


Kzt/c — ~ 3£i + p*L t 

where £ t = Ci(Os t (l)). Let £ = Ci(Os(l)). The linear system |4£| is base point free and in 
particular the general element X G |4£| is smooth. Let n: X — > A be the induced morphism 
and let X t = Then, the morphism X —y C defines a regular foliation F on X such 

that if Ft is the restriction of F to X t then (12. 5 p implies that 

Kr t = K Xt /c = (£t +P* t Lt)\x t 

for all t G A. Note that Ft is a foliation of general type. We want to show that h°(X t , K Xt ) 
is not constant. 

The dimension 


h°{Z t , 6 + p*L t ) = 2 h°(C, L t ) + h°(C, 2 L t ) 
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is not constant by our choice of C. Therefore, it is enough to show that 

h°(X t ,K Xt/c ) = h°(Z t ,Ct+P* t L t ). 

Pick t e A. By the exact sequence obtained by restriction, we have 

0 -A H°(Z t , £ t + p*L t ) -A H°(X t ,K Xt/c ) -A H\Z u K Zt/c ). 

On the other hand, by Serre duality 

h l (Z t ,K Zt/c ) = h 2 (Z t ,p* t K c ) 

and the latter dimension is zero by the Leray spectral sequence. Thus, the claim follows. 
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